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A B S T R A C T   

This paper presents a novel application of three-way correspondence analysis as a technique to analyse three-way 
contingency tables with abundance scores of several species. The example data analysis presented was taken 
from a previous mesocosm experiment and consists of a two-factor experimental design with physical distur-
bance and organic enrichment as factors, applied to sediment collected from the Oslofjørd, Norway. The focus of 
the original research was to evaluate the influence of the two factors and their interactions on the abundance of 
the species present in the sediment. In the current paper we demonstrate that by using a three-way correspon-
dence approach it is possible to undertake simultaneous analysis of the species, identifying and evaluating their 
relative sensitivity to the environmental factors thus adding additional insight than was possible in the original 
analysis. In particular, this new approach allowed even relatively scarce species to be included in the analysis and 
evaluated together with abundant species. This paper demonstrates how three-way correspondence analysis can 
be a useful analytical tool in teasing out effects and interactions from multi-factorial studies.   

1. Introduction 

In the natural environment, organisms are constantly exposed to 
many co-occurring stresses, and the responses of individual species to 
these relative stressors will ultimately influence the structure and di-
versity of the resident community, as discussed, and extensively docu-
mented in detail, in the introduction of Widdicombe and Austen (2001). 
Whilst some stressors can be considered natural occurrences e.g. the 
physical disturbance caused by storms or changes in temperature driven 
by seasons or daily cycles, a great many biological communities are 
experiencing rapidly increasing pressures associated with anthropo-
genic activities. This, in turn, is leading to a growing societal need to 
predict the potential impacts of man’s multiple activities on the struc-
ture and diversity of the communities affected. There are currently two 
major impediments to making these community level predictions. 
Firstly, whilst numerous studies have been conducted to assess how 
individual organisms will respond to specific environmental drivers, 
little evidence currently exists how such organisms will respond when 
exposed to multiple factors. This is of particular interest to those re-
searchers studying the impacts of climate change (temperature, desic-
cation, ocean acidification etc) and its interaction with other existing 

environmental impacts (e.g. physical disturbance, pollution, resource 
exploitation etc.). Secondly, where such data do exist, they are often 
generated from experiments in which the species being studied is in 
isolation, and therefore removed from the ecological interactions (e.g. 
competition, predation) that it would normally experience. Conse-
quently, predicting the structure of communities for an environment 
that has multiple changing parameters, using species specific response 
data that do not include ecological factors, is extremely difficult. 

To address the issues described above, and generate data needed to 
make the predictions required, it is essential that new studies are con-
ducted that observe the response of communities, and the species they 
contain, to combinations of different stressors. However, whilst quan-
tifying the community level responses (such as diversity and community 
composition) in these experiments is relatively straight forward, teasing 
out the individual species responses is less so. Particularly when di-
versity in biological communities is primarily made up of species with 
low numerically abundances. In this paper we use data from a previously 
published two-factor mesocosm experiment (Widdicombe and Austen, 
2001) conducted on a marine sediment community, to propose a novel 
application of three-way correspondence analysis. This approach could 
allow the influence of the two factors and their interactions on the 
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abundance of the individual species within the community to be better 
determined, and provide additional insight, especially for low abun-
dance species. 

2. Materials and methods 

2.1. Data characteristics: abundance, enrichment, and disturbance 

In this paper we present a secondary analysis of a data set (here 
referred to as the Oslofjørd benthic data) earlier analysed by Widdicombe 
and Austen (2001) and Widdicombe et al. (2004). A comprehensive 
overview will be presented of the results of an experiment with a 7 × 7 
lay-out with two environmental factors: increasing organic enrichment 
and increasing physical disturbance. The prime focus of the original 
research was on ecologic diversity, but Widdicombe and Austen (2001) 
also reported separately on the 16 most abundant species and their re-
actions to the treatments. Here, the emphasis is especially on the 
interaction effects of the two factors on 39 species simultaneously, 
including the positions of 23 less frequently observed species. 

The data will be analysed at species level rather than at some higher 
level of taxonomic aggregation even though some species have small 
levels of abundance in the data set. The basis for doing this can, for 
instance, be found in Legendre and Legendre (1998). 

Before presenting this analysis, a straightforward demonstration 
based on abundance frequencies is supplied to illustrate the problem of 
aggregating over species to examine the influence of enrichment and 
disturbance on the entire benthic community. 

Before going into the details, a brief discussion of the terminology is 
necessary to characterise the data matrices and methods used in the 
paper. In particular, it should be clear what in the literature is meant by 
the words way and mode. There exists a subtle difference between them 
when describing matrices and methods. Generally, way indicates the 
dimensionality of a matrix. For instance, a three-way matrix has the 
shape of a box consisting of rows, columns and levels or slices, and each 
way may refer to the same or a different type of entities. Fig. 1 shows the 
three-way data matrix examined in this study, where each way refers to 
different entities: Level of enrichment (rows) by level of disturbance (col-
umns) by species (slices). On the other hand, in a standard correlation 
matrix the rows and the columns consist of the same entities i.e., vari-
ables. Therefore, it can be characterised as a two-way one-mode matrix, 
the word mode refers to the content of the two ways. 

When describing techniques to analyse three-way data as in this 
paper, the word way in its name does not a priori imply the entities in the 
ways are equal or different, while the word mode suggests that the en-
tities are different. Unfortunately, in the literature this distinction has 
not always been rigorously made. 

2.2. Abundance data and correspondence analysis 

The interaction between enrichment and disturbance on the com-
munity will be analysed with a three-way generalisation of correspon-
dence analysis. This type of analysis is especially suitable to investigate 
the response of the species jointly, rather than approaching each of them 
separately; for a detailed exposition see Carlier and Kroonenberg (1996, 
1998). Moreover, a larger number of species can be taken into consid-
eration, even those with a relatively low abundance. As such, it will be a 
useful addition to the toolbox of the numerical ecologist. 

One of the characteristics of abundance data, such as ours, is the non- 
occurrence of many species under the conditions generated in the 
experiment. This absence of species is problematic for many multivar-
iate analysis techniques, but Legendre and Legendre (1998) argue, that 
in calculating the distance between two sites, the χ2-distance provided in 
correspondence analysis is not affected by double zeroes, i.e. the absence 
of both species. Thus the technique can be used directly with sites 
described by species abundances. Correspondence analysis preserves the 
Euclidean distances between “profiles of weighted conditional proba-
bilities”, i.e. it preserves the χ2-distance. In fact, the Legendre and Leg-
endre (1998) recommended correspondence analysis for reduced space 
ordination of species abundances when the data contain many zero cell 
frequencies. 

Ter Braak (1985) explicitly discussed the justification of correspon-
dence analysis on abundance data tables, showing that the χ2-distance 
preserved through correspondence analysis is an appropriate model for 
species with unimodal distributions along environmental gradients. 

On the other hand, Clarke (1993) raised objections to analysing 
abundance data with correspondence analysis on the grounds that rare 
species have undue influence on the outcome of the analysis. This 
observation is discussed by Greenacre (2013), who shows that, in a 
correspondence analysis, plots rare points are not necessarily the most 
influential points. Rare species do often lie at the border of correspon-
dence analysis plots because their locations are often only relatively 
weakly determined. To eliminate this visually distracting feature of 
correspondence analysis, it is generally advisable to put some lower 
limit on the abundance of species to be included in the analysis. 

Given the earlier analyses of Widdicombe and Austen (2001) on the 
abundance of 16 most abundant species of this data set, we intend to 
discuss how an additional 23 less abundant species relate to more 
abundant ones. Note, however, that an additional analysis of a species 
two-factor interaction is recommended for detailed investigation of the 
biological reasons for its sensitivity to enrichment and disturbance. 

2.3. A brief introduction in the correspondence analysis biplot 

The major instrument for displaying the results of correspondence 
analyses is the so-called biplot. The part bi- refers that to the simulta-
neous portraying of the rows and the columns, as well as their rela-
tionship which can be expressed as the scalar product of the row profile i 
(ri) and the column profile j (cj). The row and the column profiles are 
depicted as vectors which go through the centre of the biplot coordinate 
axes. This centre represents both the row and the column means, i.e. 
their marginal frequencies. The coordinates of a biplot in correspon-
dence analysis are either standardised, i.e. have length one and zero 
mean, or they are principal coordinates with length equal to the singular 
values. i.e. the square root of the eigenvalues. Details about the coor-
dinate system in correspondence analysis can, for instance, be found in 
Beh and Lombardo (2014). 

The scalar product dij of a row vector ri and a column vector cj. is 

Fig. 1. Three-way contingency matrix/table consisting of three modes: For the 
current dataset that would equate to 7 Enrichments by 7 Disturbances by 39 
Species. (Note, the precise number of cubes in each ‘mode’ in this figure is used 
to represent the general theoretical structure and does not to represent the 
specific number of treatment levels of species in the current data set) 
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defined as ‘length of the projection of the row vector onto the column 
vector’ times ‘length of the column vector’. In formula this is 

dij =
[⃒
⃒ ri | cos

(
ψij

) ]
× ∣ cj.∣,

where ψij is the angle between the two vectors. This formula is illus-
trated in Fig. 2. 

A species × enrichment biplot of abundances shows the abundance 
of the species for the levels of enrichment. Fig. 2 show that Capitella 
thrives with high enrichment, while Anobothrus gracilis prefers just 
below average enrichment as can be seen from their projections onto the 
enrichment vector. Insightful descriptions as well as the mathematical 
details of the interpretation of biplots can, for instance, be found in 
Greenacre (1993) and Beh and Lombardo (2014). 

2.4. Informal description of the methodology of three-way correspondence 
analysis 

Widdicombe & Austin (2001) analysed the disturbance-by- 
enrichment data per species via a two-way analyses of variance. Their 
results consist of 16 separate plots showing the two-way enrichment- ×
− disturbance interaction for each species (see their Fig. 1). However, 
when there are many species, an interpretational problem arises because 
each species is represented by its own plot, and each of the separate plots 
need to be inspected for similarities and differences to discover the 
various two-factor interactions for the species. 

Three-way correspondence analysis aims to combine the two-way 
effects per species in a single analysis for all species together. Infor-
mally, one could say that the technique performs simultaneous 
component analysis on all biplots, resulting in a set of components for 
the species (rows) on which all enrichment- × − disturbance combina-
tions (columns) will have their own coordinates. 

This approach is unlike multiple correspondence analysis (MCA), 
which aims to analyse the structure of the relationships between several 
categorical variables in a way which is similar to principal component 
analysis for quantitative variables. MCA is also known under various 
other names, such as dual scaling, optimal scaling, and homogeneity 
analysis (see e.g. Abdi and Valentin (2007)). 

Different species will obviously have different values on the com-
ponents, as will the enrichment- × − disturbance combinations, so that 
they need to be displayed in the same plot. The location of a species will 
be determined by its typical values on its enrichment- × − disturbance 
interaction. Whereas in classical correspondence analysis the biplot 

displays the two-way interaction between the enrichments and the dis-
turbances, three-way correspondence analysis displays the interaction 
between the species and the two-way enrichment- × − disturbance 
combination in an interactive biplot. Thus the technique makes it possible 
to portray in this biplot the structure of the enrichment- × − disturbance 
combinations in the space of the species. 

2.5. Experimental design 

The experiment to generate the data was carried out during 1996 at 
the NIVA marine station Solbergstrand, Oslofjørd, Norway. The methods 
are described in detail in Widdicombe and Austen (2001) and sum-
marised here. Two sets of plastic buckets with homogenised sediment 
from the Oslofjørd were each arranged in 7 × 7 blocks, thus in two times 
49 buckets. During a 12-week period, each bucket was subjected to one 
of seven levels of organic enrichment combined with one of seven fre-
quencies of physical disturbance. The seven treatment levels (P0 to P6) of 
the enrichment were equivalent to 0, 12.5, 25, 50, 100, 200, and 400 g 
carbon m− 2. The seven levels of disturbance were no disturbance (D0), 
once every four weeks (D1), once every 2 weeks (D2), once a week (D3), 
twice a week (D4), three times a week (D5), and every day (D6). Note 
that these two treatments have a strong ordinal character (see Section 6 
for comments on this). The data of the two replicates were taken 
together and analysed as if there was only one bucket. 

2.6. Data and their treatment 

Correspondence analysis typically operates on non-negative 
numbers, mostly frequencies or some transformation of them. Widdi-
combe and Austen (2001) transformed the abundances with a fourth- 
square root (i.e. double square root) and subsequently multiplied by a 
1000 and rounded; see e.g. Field et al. (1982) and Clarke (1993), for a 
justification for this procedure with abundances. Their transformed data 
remained non-negative values and were treated as if they were fre-
quencies. For a further discussion of the double square root trans-
formation can be found in Goria (1992). 

The 16 most abundant species were individually analysed by Wid-
dicombe and Austen (2001). The most abundant species analysed were 
Heteromastus filiformis (22,608 individuals) and Chaetozone setosa (3121 
individuals), while the least abundant species analysed was Eteone flava 
(88 individuals). In this study we also included the 23 next most 
abundant species which had medium frequencies from 87 to 10. It was 
decided not to include the remaining 41 species due to their rarity. They 
occurred only 1–9 times, i.e. on average only in one bucket or less. In 
addition, the frequencies of the most abundant species (Heteromastus 
filiformis) were divided by 10 before taking the double square root 
thereby making their number more comparable with the other species 
and preventing it from dominating the analysis. This also allowed for 
easier graphing. For the correspondence analysis, the data were ar-
ranged as a three-way contingency table of 39 species, 7 levels of 
enrichment and 7 levels of disturbance (Fig. 1). Note that the two factors 
are ordinal, but this aspect was only taken into consideration during the 
interpretation and not during the analysis. 

To summarise, the main analysis was carried out on a three-way 
contingency table in which each cell contained the double square root 
of the abundance of species found in a bucket with enrichment regime j 
(P(j-1)) and disturbance level k (D(k-1)). 

3. Three-way correspondence analysis1 

Important properties of three-way correspondence analysis (three- 
way CA) are that the dependence (or interactions) between the variables 

Fig. 2. Elementary biplot with basic interpretational elements.  

1 This section is based on Carlier and Kroonenberg (1998) with kind 
permission from the Academic Press 
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in a three-way table can be measured, modelled, and displayed. More-
over, it shares and extends many properties of ordinary (two-way) 
correspondence analysis by aggregating the K levels of the third vari-
able. Some other papers in which three-way tables were analysed 
without reducing them to two-way tables are Choulakian (1988), 
Kroonenberg (1989), Dequier (1974), Carlier and Kroonenberg (1996, 
1998), and Lombardo et al. (2016), Lombardo et al., 2021). The latter 
also discuss extensions of the standard technique (see Section 6). 

In this section we will successively discuss the measuring, modelling, 
and displaying of the dependence in a three-way table basing ourselves 
on the ‘standard’ version of three-way correspondence analysis. 

3.1. Measuring dependence 

In three-way tables one can distinguish (1) global dependence based 
on all interactions, i.e. it consists of the deviation from the three-way 
independence model, (2) marginal dependence due to the two-way in-
teractions, and (3) three-way dependence due to the three-way inter-
action alone. 

3.1.1. Measuring global dependence 
Three-way contingency tables have orders I, J, and K. The first way 

(rows) is indicated by i with i = 1…I, the second way (columns) by j with 
j = 1…J, and the third way (tubes) by k with k = 1…K, and relative 
frequencies are indicated by pijk. Dependence in the table is measured 
with the Pearson mean square contingency coefficient Φ2 which is 

defined as 

Φ2 =
X2

N
=
∑

i,j,k

(
pijk − pi..p.j.p..k

)2

pi..p.j.p..k
=
∑

i,j,k
pi..p.j.p..k

[
pijk − pi..p.j.p..k

pi..p.j.p..k

]2

=
∑

i,j,k
pi..p.j.p..k

(
Πijk
)2
. (1) 

Thus Φ2 is based on the deviations from the three-way independence 
model, and it contains all two-way interactions and the three-way 
interaction. It is the sum of the weighted cell contributions to the 
dependence Πijk. The contribution of cell (i,j,k) to the Φ2may be 
rewritten as 

Πijk =
Pr[ij|k]
Pr[ij]

*
Pr[ij]

Pr[i]Pr[j]
− 1. (2) 

The quantity 1+ Πijk is the product of (1) the ratio Pr[ij|k]/Pr[ij] 
which measures the relative increase or decrease in the joint probability 
of the categories i and j given occasion k and (2) the ratio Pr[ij]/Pr[i]Pr 
[j] which measures the relative increase or decrease in the deviation 
from the marginal independence. If the conditional probabilities for all k 
are equal, then Pr[ij|k] = Pr[ij] and the first ratio is 1. Then Πijk = Πij., 
and the three-way table could be analysed with ordinary two-way cor-
respondence analysis by aggregating the K levels of the third variable. 
The symmetric statement after permutation of the indices holds as well. 
Therefore, the Πijk measure the global dependence of the cell (i,j,k). 
∑

i,j,k
(pijk − pi..p.j.p..k)

2

pi..p.j.p..k
= .

The elements of the two-way marginal totals are defined as weighted 
sums over the third index. Thus, for the margins these elements are: 

Π.jk =
∑

i
pi..

∏

ijk
=
∑

i
pi..

(
pijk − pi..p.j.p..k

pi..p.j.p..k

)

=
p.jk − p.j.p..k

p.j.p..k
. (3) 

The elements of the other two-way margins, Πi.k and Πij., are simi-
larly defined. One-way marginal totals are summed over two indices, 
and they are zero due to the definition of Πijk; the overall total is zero as 
well. For instance, the one-way row margin i 

Πi.. =
∑

j

∑

k
p.j.p..kΠijk = 0. (4)  

3.1.2. Measuring marginal and three-way dependence 
The global dependence of a cell, Πijk, can be split into separate 

contributions of the two-way interactions and the three-way interaction, 

Πijk =
pij. − pi..p.j.

pi..p.j.
+

pi.k − pi..p..k

pi..p..k
+

p.jk − p.j.p..k

p.j.p..k
+

pijk − αpijk

pi..p.j.p..k
, (5)  

where αpijk = pij.p..k + pi.kp.j. + p.jkpi.. − 2pi..p.j.p..k The terms referring to 
the two-way margins are equivalent to those in ordinary correspondence 
analysis. The last term, αpijk, measures the size of the three-way inter-
action for cell (i,j,k). Darroch (1974) provides a comparative discussion 
of this additive definition of interaction and the multiplicative definition 
as used in loglinear analysis, see also Kroonenberg and Anderson (2006) 
for a discussion of additive and multiplicative modelling of contingency 
tables. 

Due to the additive splitting of the dependence of individual cells, 
Φ2, the measure for global dependence of the table, can be partitioned as   

Φ2
IJ +Φ2

IK +Φ2
JK +Φ2

IJK (6) 

This partitioning of the Pearson mean square contingency coefficient 
was introduced by Lancaster (1951) and has also been used by Dequier 
(1974) and Choulakian (1988). The importance of decomposition (Eq. 
6) is that it provides measures of fit for each of the interactions and thus 
their contribution to the global dependence. 

3.2. Modelling dependence 

Given measures for global dependence, marginal dependence, and 
three-way dependence, a model for these measures must be found with 
which it will be possible to construct graphs depicting the dependence. 
In two-way correspondence analysis, the generalised singular value 
decomposition (GSVD) is used for this purpose. Thus, for the three-way 
case, a three-way analogue of the GSVD is desired. There are, however, 
several candidates of which we will consider only the so-called Tucker3 
model; (see Carlier and Kroonenberg, 1996, for other possibilities). This 
model is also referred to as the three-mode component analysis model (see 
Kroonenberg, 1983, 2008; Tucker, 1966), but there is no specific 
requirement that the three-ways of the data have to be different in 
content. Sets of correlations matrices could be analysed by the technique 
as well. 

3.2.1. Modelling global dependence 
In the Tucker3 generalisation of the singular value decomposition 

each of the way has its own components, but the generalised singular 
values are unlike the two-way case in that they are indexed by the 
components of all three ways. The component matrices of three ways are 
respectively A (size: I × P), B (size: J × Q), and C (size: K × R), where P, 
Q, and R are the numbers of components (columns) of A, B, and C, 

Φ2 =
∑

ij
pi..p.j.

(
pij. − pi..p.j.

pi..p.j.

)2

+
∑

ik
pi..p..k

(
pi.k − pi..p..k

pi..p..k

)2

+
∑

jk
p.j.p..k

(
p.jk − p.j.p..k

p.j.p..k

)2

+
∑

ijk
pi..p.j.p..k

(
pijk − αpijk

pi..p.j.p..k

)2

=
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respectively. The statistical formula for the Tucker3 GSVD model then 
becomes: 

Πijk =
∑P

p=1

∑Q

q=1

∑R

r=1
gpqraipbjqckr + eijk. (7) 

In this decomposition, the aip are the elements of the components 
{ap} which are pairwise orthonormal with respect to the weight (pi..). 
Similarly the bjq are the elements of the components {bq} which are 
pairwise orthonormal with respect to (p.j.) and the ckr are the elements of 
the components {cr} which are orthonormal with respect to (p..k). The 
gpqr are the three-way analogues of the singular values, and they are 
often referred to as elements of the core array G. The eijk represent the 
errors of approximation. In three-way correspondence analysis, a 
weighted least-squares criterion is used: the parameters gpqr, aip, bjq and 
ckr are those which minimise 
∑

i,j,k
pi..p.j.p..ke2

ijk. (8) 

As in two-way correspondence analysis, Φ2, the global measure of 
dependence can be split into a part fitted with the three-way singular 
value decomposition or three-way model and a not-fitted residual part. 

3.2.2. Modelling marginal dependence 
One of the attractive features of the additive partitioning of the 

dependence in Eq. (6) is that the single decomposition of the global 
dependence can be used to model the marginal dependence as well. 

The marginal dependence of the columns j and tubes k is contained in 

a matrix ΠJK with elements ΠJK
jk =

(
p.jk − p.j.p..k

)/
p.j.p..k with similar 

expressions for the other two matrices with marginal dependencies ΠIJ 
and ΠIK. The elements ΠJK

jk are derived via a weighted summation over i 
from the global dependence, 

ΠJK
jk =

∑

i
pi..Πijk (9) 

We have modelled the global dependence Πijk with the Tucker3 
model in Eq. (7). To find the model equation for the marginal depen-
dence ΠJK

jk of ways J and K, we have to use the same weighted summation 
as in Eq. (9), so that we have to use the weighted summation over the 
terms in Eq. (7) depending on the index i. leading to summation of the 
summated component elements a.p =

∑
ipi..aip and the summated error 

terms e.jk =
∑

ipi..eijk. 

ΠJK
jk =

∑p

p=1

∑Q

q=1

∑R

r=1
gpqra.pbjqckr + e.jk (10) 

Thus this formula shows that the marginal model is derived from the 
overall model by averaging the appropriate components (here: ap). This 
will turn out to be extremely effective in the displays we intend to make. 

As Eq. (10) shows, the modelling of the partial dependence is ach-
ieved by centring the components of one of the modes (here the species 
way: ap). In Carlier and Kroonenberg (1996) it was discussed what 
happens when one wants to remove more than one marginal depen-
dence at a time. 

3.3. Plotting dependence: biplots 

With respect to dependence and its modelling, the three ways of the 
contingency table behave in an entirely symmetric fashion. This sym-
metry can, however, not be maintained when graphing the dependence, 
as no sensible spatial representations exist to portray all three ways 
simultaneously in one graph. Given the effectiveness of biplots in stan-
dard correspondence analysis, biplots should be used to display the 
dependence or its approximation in three-way correspondence analysis. 
In particular, the joint biplot, discussed by Carlier and Kroonenberg 
(1996), and the interactive biplot discussed and used by Carlier and 
Kroonenberg (1998) fulfils this purpose. 

The interactive biplot aims to portray all three ways in a single biplot. 

As a biplot has only two types of points, two of the three ways must be 
combined into a single one. In the correspondence analysis literature, 
this combination process is referred to as interactive coding. The 
remaining way supplies the other set of points, and it will be referred as 
the reference mode. The choice of reference mode is very data dependent. 
Given that the ordered factors (ways) fulfil a comparable r role in the 
present data they will be coded interactively, and the species will form 
the reference mode. 

The construction of the biplot for the global dependence follows 
directly from three-way singular value decomposition of the global 
dependence: 

Π̂ ijk =
∑P

p=1

[
∑Q

q=1

∑R

r=1
gpqrbjqckr

]

aip =
∑P

p=1
d(jk)paip =

∑P

p=1
dℓpaip

= Π̂ℓi.

(11) 

We have replaced the (jk) with a new index ℓ so that the coordinates 
of the l-th row points in a biplot are the dl p, and those of the i-th column 
points are the aip. Note that the core elements gpqr are absorbed in the 
coordinates of the row points. Therefore, it can be shown that the 
interactive biplot preserves the row-metric with respect to the weights 
pi…

, if we assume that the points are well represented by the biplot. The 
number of two-dimensional biplots does not depend on Q or R but only 
on P, the number of components of the reference mode, and it is equal to 
P/2 when P is even. 

The interactive biplot is especially useful when the number of ele-
ments J × K is not too large, and, when at least one of the two sets J or K 
is ordered, the interpretation is facilitated. By using a correspondence 
analyse especially designed to model ordered variables, the interpreta-
tion can be further enhanced. 

4. Results 

Following the structure of the previous sections we will discuss the 
results for the Oslofjørd benthic data in the same order. However, first 
we will inspect the contingency table of abundance frequencies aggre-
gated over species. 

4.1. Aggregated enrichment- × − disturbance abundance 

A basic preliminary question is whether a three-way analysis is 
necessary. To investigate this we have aggregated the frequencies of the 
59 most abundance species in a two-way frequency table of 7 enrich-
ments- × − 7 disturbances (Table 1). 

In the Table only a few regularities are to be seen. (1) The column 
marginal disturbance totals steadily decline up to Twice a week, showing 
fewer individuals with increased disturbance. (2) The decrease stops 
with even more disturbance. (3) There is no distinct pattern for the 
number of individuals for increasing enrichment up until 100 g/m2. 
Further enrichment diminishes the number of individuals considerably. 
(4) There are dramatic differences within columns and within rows. The 
irregularities point to an underlying problem, i.e., the different re-
sponses of different species to the enrichment and disturbance and their 
interaction. In other words, there is a strong three-way species ×
enrichment × disturbance interaction. Therefore, the options for 
meaningful analyses are either by species or via an analysis of the three- 
way data. The first option was carried out in detail by Widdicombe and 
Austen (2001), the second option is pursued in this paper via three-way 
correspondence analysis. 

For the present larger data set it was decided to examine a three-way 
analysis with P = 2, Q = 2, and R = 2, thus two components for each of 
the ways. To evaluate the size of the fitted interaction of the 2 × 2 × 2 
model, the size of fit the interaction of the 4 × 3 × 3 solution is also 
presented in Table 2., as well as the fit of the interactions. The fit of the 
extended solution increases with 12%, but it requires 118 extra 
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parameters to be estimated and interpreted compared to the 2 × 2 × 2 
solution. Therefore, it has to be decided which of the two solutions 
should be chosen, basing ourselves on both statistical and substantive 
arguments. This will be done in the next sections. 

4.2. Measuring dependence 

The first task when conducting a three-way correspondence analysis 
is to assess the partitioning of the chi-squared statistic to evaluate the 

Table 1 
Overall abundance of the 59 species. 

Enrichment

(grams per m2)

Disturbance Total

None Once in 

4 weeks

Once in 

2 weeks

Once a 

week

Twice a 

week

Thrice a 

week

Every 

day

0 1355 768 861 819 372 413 918 5506

12.5 1444 1191 933 908 348 1343 256 6423

25 1425 998 643 979 402 455 431 5333

50 718 935 631 898 416 441 307 4346

100 1180 684 1098 826 368 639 438 5233

200 701 616 496 407 313 293 372 3198

400 98 579 976 150 188 327 240 2558

Total 6921 5771 5638 4987 2407 3911 2962 32597

Table 2 
Oslofjørd benthic data: Chi-Square partitioning of the dependence and model fit 
based on Eqs. (6) and (7). 

Φ2 2×2×2 

Modela

2×2×2

Modela

4×3×3

Modela

Effects
df

% Total 

Dependence

% Fitted

Dependence

(vertically)

% Fit/Total 

Dependence

per effect

(horizontally)

1 2 3 4 5

Constant 1 0 0

Main effects

Species (=39) 38 0% 0%b 0 0

Disturbance (= 7) 6 0% -2%b 0 1

Enrichments (=7) 6 0% -0%b 0 0

Interactions

Enrichment-×-Disturbance 36 6% 23% 71% 78%

Species-×-Enrichment 228 20% 54% 50% 56%

Species-×-Disturbance 228 16% 13% 15% 49%

Three-way Interaction 1368 58% 10% 4% 12%

Totalc 1860 100% 100% 18% 30%

a The number of components in a P × Q × R model refer to the Species, Enrich-
ments and Disturbance ways, respectively. 
b For the perfectly fitting model the main effects are 0; however, for other models, 
the estimates for the main effects may show small deviation from zero. 
c Φ2(Total; 2 × 2 × 2 model) = 908,095 (100%); Φ2(Fit 2 × 2 × 2) = 167,437 
(18%), Φ2(Fit 4 × 3 × 3) = 273,337 (30%). 
dColumns 1, 2, 3 should be compared vertically to compare different interactions 
within the 2 × 2 × 2 model. 
The blue values in columns 4 and 5 should be compared horizontally per inter-
action for the two different models. 
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contributions of the four interactions (see Table 2). As the dependence is 
expressed as deviation from the independence model, the main effects 
are theoretically zero but may be slightly different from zero in an 
approximate solution. The main effects do not contain relevant infor-
mation about the basic problem. 

Note that in Table 2 we are concentrating on the descriptive signif-
icance rather that on statistical significance of the results. Thus we 
consider the relative size of interactions with respect to each other, 
within and between models. The prime reason is that we intend to show 
what can be learned about the data via three-way correspondence 
analysis with visual representations. 

The information which is of prime interest in the present case is the 
nature of the interactions of the Disturbance - × − Enrichment effect on 
the abundances of the individual species. These are contained in two 
two-way interactions and the three-way interaction. 

All interactions: Species- × − Enrichment, Species- × -Disturbance, Three- 
way interaction 

The size of the two-way interactions Species- × − Enrichment and 
Species- × -Disturbance shows that there are large differences between 
the Species in their reactions to the factors. In absolute terms the largest 
part of the dependence (58%) is taken up by the three-way interaction, 
which does not come as a surprise because next to the systematic part, it 
also contains the larger part of the random unstructured error in the 
data. 

Two-way interaction: Enrichment- × Disturbance 
This design interaction is the smallest of the three two-way in-

teractions (6%) which indicates that, when summed over all species, the 
marginal two-way dependence does not contain very many systematic 
deviations from independence, as was shown in Table 1. This is due to 
the aggregation over species who react differently to the factors, so that 
differences between the species in their two-way interactions do not 

come to the fore. In other words, they have been averaged out. 

4.3. Modelling dependence 

One of the problems in large contingency tables is that not only does 
the three-way interaction contain random errors, but the two-way in-
teractions do as well. Therefore, it is necessary to separate the systematic 
and random information contained in each interaction. One of the ways 
to do this is to perform separate correspondence analyses on each of the 
interactions. However, as indicated above, an integrated analysis of the 
complete dependence in the table may be preferred using three-way 
correspondence analysis, because with this type of analysis the sys-
tematic information contained in each interaction can be modelled 
simultaneously using a relatively small number of parameters; see Eqs. 
(10) and (11). This leaves the remaining degrees of freedom for the 
error. 

Deciding on the number of dimensions for each of the ways in the 
analysis requires finding a balance between an acceptable fit and good 
interpretability of the solution. Table 2 listed such information for two 
three-way correspondence analysis solutions: one with two components 
for each way, the 2 × 2 × 2-model, and the 4 × 3 × 3-model with three 
components for each of the factors and four for the species. The fit of the 
first model is 18%, using 106 parameters, and the fit of the second model 
is 30% using 224 parameters. As interpreting the second model is 
considerably more complex than the first one as it has about twice as 
many parameters, we will concentrate on what can be learned from the 
simpler 2 × 2 × 2-model. The rather low percentages fit and the relative 
limited fit increase by enlarging the model suggests that the data are 
rather noisy. Notwithstanding, as will become clear in the following, the 
smaller model supplies considerable insight in the effect of the factors on 
the abundances. This supports relevant systematic information is 

Fig. 3. a. Interactive biplot showing the central part of the two-component Species space with the two-way Species- × − Enrichment and the Species- × -Disturbance 
interactions in red. 
The two black lines through the origin (i.e. average enrichment, average disturbance) are perpendicular to a two-way interaction with species. They roughly divide 
the space in above and below average disturbance and in above and below average enrichment. 
b. Species component space. 
Species positions in the Species space. Numbers correspond to list of species in the Appendix. 
Species close to each other thrive generally under the same regimes of enrichment and disturbance. 
NB. Note the scales of Fig. 3a and 3b are different to allow inspection of the two-way interactions. They can, therefore, not be superimposed. This is done in Fig. 6. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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contained in the data. 
The overall fit of this-model can be split into the fit of the four in-

teractions (red in Table 2, 4th column): 54% - species- × − enrichment 
interaction, 13% - species- × disturbance interaction, 23% - enrichment- 
× disturbance interaction and - 10% three-way interaction. This 2 × 2 ×
2-model succeeds in a very good representation of the design interaction 
(71%; while it only represents 4% of the interaction contained in three- 
way interaction (blue in Table 2, 5th column). Even though the three- 
way interaction contains 58% of the total dependence, only 4% of the 
three-way interaction is contained in the present model, but this vari-
ability makes up 10% of the fit of the model to the data (see Table 2, 4th 
column). 

4.4. Plotting dependence 

The basic information obtained from a three-way correspondence 
analysis are sets of components for each of the three ways (A, B, C) and 
information on the way these components are linked to each other is 
contained in the elements gpqr of the core array (see Eq. (7)). The prin-
cipal coordinates are based on the deviations from independence and in 
the previous section we have indicated to what extent these coordinates 
are based on the information of the different interactions. 

As Table 2 shows the 2 × 2 × 2-model with 2 components for each 
way has an overall fit of 18%. It is difficult to evaluate whether this is 
sufficient or acceptable for these kinds of data given the lack of similar 
studies. In our case we will assume that there is a large random 
component in these data. For example from Fig. 5 it can be seen that at 
least for the Ophelina modesta, the abundance pattern is rather irregular, 
and thus contains considerable error. Similar patterns can be observed 
for the other species. We will therefore aim to eke out what variability is 
systematic. The percentages for the two components of each way are 
respectively: Species: 65%, 35%; Enrichment: 90%, 10%; Disturbance: 
55%, 45%. 

4.4.1. Species space and two-way interactions 
As explained in Section 3.3, one of the best ways to gain insight into 

the patterns in the interactions is to produce graphs of these interactions 

via interactive biplots. Such plots need a reference mode which provides 
the actual plotting space. In our case this space will be that of the spe-
cies. The species will have normalised coordinates and the interactively 
coded environments and disturbances will be in principal coordinates. 

Eq. (10) and its variants have been used calculating the marginal 
dependences of the species and enrichments, and the species and dis-
turbances. The associated coordinates of the ordered levels of the two 
factors in the species space have been plotted and connected with red 
dotted lines in Fig. 1a. Projections onto these lines allow one to deter-
mine the relative position with respect to a species’ enrichment- ×
− disturbance. They show for instance that species Capitella sp. (Appendix 
number 45) thrives with high enrichment and high disturbance, while 
species Anobothrus gracilis (Appendix number. 56) can only thrive 
without disturbance but it is only mildly sensitive to enrichment. This 
procedure is illustrated in Fig. 3. The interaction lines are also used to 
divide the species space roughly into four areas as indicated in the plot. 
These areas are created by drawing lines through the origin perpen-
dicular to the red interaction lines (Fig. 3a). 

The origin of the space represents the abundance of the average 
species, so that the average species (if such an individual exists) thrives 
best when being roughly four times disturbed and being supplied an 
organic enrichment of around 50 g per square meter. However, species 
on the rims of the plot thrive better under other regimes. 

Even though the two plots in Fig. 3 portray the same species 
component space, they cannot be directly superimposed as presented 
here, because of they are scaled differently. This was done to enable 
detailed examination of the interactions. Their joint representation in a 
single graph is given in Fig. 7. 

In Fig. 3b one can see that many species can be found around the 
origin, but primarily in the low disturbance and medium enrichment 
section of the plot. There are 17 species further out from the origin with 
two of them [Capitella sp. (Appendix nr. 45) n = 33; Nudibranch indet A. 
(Appendix nr. 78): n = 10] at the rim of the configuration; they thrive 
with very high enrichment levels. A more detailed explanation of the 
interpretation of the interactive biplot is given in Fig. 4 

We can deduce from the locations of the species Fig. 3b that most 
species prefer lower disturbances and lower enrichment, as they are 
located in the north-west corner of the plot. Five species (nrs. 24, 26, 50, 
51, 60) allow for more disturbances, but not more enrichment. An 
example is species 50 (Ophelina modesta) whose abundance for each 
value of the factors is depicted in Fig. 5. 

4.4.2. Three-way interactive biplot 
The interactive biplot in Fig. 6 is constructed with the coordinates of 

the interactively coded factors from the three-way interaction. Each 
point represents one of the 49 enrichment-disturbance combinations. As 
the species space is the same as before, the species are located at the 
same position as in Fig. 3b. Each level of disturbance is a line marked by 
the 7 enrichment levels. 

The biplot shows that the increase in enrichment is primarily rep-
resented by the first component, and the increase in disturbance by the 
second one. Note, however, the interchange between 1× and 2×
disturbance. A similar inversion can be seen for enrichment between 
0 and 12.5 g and 25 g of carbon. Such situations can be expected when 
there are no consistent gradients in the factors, i.e. when each species 
has its own location in the plot and its own gradients. 

The figure shows that there is a marked difference between the 
abundances of species when there is no or little disturbance or very high 
disturbance. Very high disturbances need to have high levels of 
enrichment to be a viable environment for benthic species, but there are 
only very few such species. 

The species discussed in Widdicombe & Austin (2001) are marked 
with black numbers in Fig. 7. They are generally close to the origin, 
partly due to their high abundances. Apart from nr. 26 (Scoletoma fra-
gilis), they lie in the top part of Fig. 7 with relatively low enrichment and 
limited disturbance. Note that there are no species located in the South- 

Fig. 4. How to read detail in the biplot. 
The angle between Disturbance and Enrichment is approximately 45o which 
indicates that there is an interaction between the two factors for the species. 
Anobothrus gracilis (nr. 56) projects on the low side (around 50) for enrichment 
about the average of all species, but extremely low on disturbance. Thus, it 
cannot tolerate any disturbance and lives at rather low levels of enrichment (see 
also Fig. 7). 
On the other hand, unlike other species, Capitella spp. (nr. 45) thrives with high 
levels of both enrichment and disturbance. 
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Fig. 5. Ophelina modesta (Appendix nr. 50). Abundance for all enrichment- × − disturbance combinations. No individuals are found above enrichment level 5. 
Varying abundances for enrichments below level 5. So this confirms that the species has a high abundance with low enrichment and low disturbance, as Fig. 3 shows. 

Fig. 6. Interactive biplot showing the three-way interaction. Lines of increasing disturbance are marked with the levels of enrichment. Thus the continuous red line 
shows the enrichments marked on the zero disturbance line, and the other disturbance lines are marked similarly. No disturbance is intrinsically different from even 
light disturbance with respect to the abundance of certain species. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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East corner of the plot, i.e., there are no abundant species in undisturbed 
highly enriched environments. 

5. Software 

The analyses were conducted with the first author’s three-way soft-
ware package 3WayPack, which contains three-way correspondence 
analysis as one of its three-way techniques. The manual is available from 
https://three-mode.leidenuniv.nl/, and the software itself will also 
become available on this website. Extensive-R code is available in the 
book by Beh and Lombardo (2014) mentioned above; see especially 
Chapter 11 (pp. 490–511). Their code can be requested from the two 
authors; see also 

https://cran.r-project.org/web/packages/CA3variants/CA3varia 
nts.pdf. Their package CA3variants can also be downloaded from the 
CRAN: 

https://cran.r-project.org/web/packages/CA3variants/index.html. 
Lombardo et al. (2023) describe how the package can be used to perform 
three-way correspondence analysis. 

6. Discussion 

6.1. Further statistical developments 

After the development of three-way correspondence analysis for 
three-way contingency tables, further variants have been developed. 
Thus, a next step in analysing three-way abundance data is to apply such 
variants and evaluate their usefulness in this context. The abundance 
table in this paper contains two ordered ways, i.e. the enrichment and 

disturbance treatments, but this aspect of the data has only been used in 
the interpretation. However, versions dealing with ordered categories 
have been recently developed for ordered ways (Lombardo et al., 2021), 
including versions for modelling order via polynomials as well (Lom-
bardo et al., 2016). Furthermore, methods have been developed, which 
use the Freeman-Tukey statistic instead of the χ2 statistic. Especially of 
interest for abundance data is the way the Freeman-Tukey statistic 
handles zero and low frequencies of abundance, see Beh et al. (2018). 

6.2. Biological details 

The analyses in this paper supplied further information on the effects 
observed by Widdicombe and Austen (2001) by examining in more 
detail the relationships between the three modes. It was shown how to 
combine the information from both factors in a single framework. At the 
same time, there is much more variability in these data than could be 
modelled by a complex technique with relatively few parameters and it 
cannot replace detailed analyses for individual species. However, it 
points to those groups of species which seem to react in a similar manner 
to physical disturbance and organic enrichment. This opens the way for 
more detailed analyses into their similarity and differences and the 
causes of their similar reactivity. Moreover, it makes it possible to 
analyse species with a lower abundance by comparing them with the 
more abundant species. 

Widdicombe & Austin (2001) discussed the influence of physical 
characteristics of species in connection with their reactions to the two 
factors. Their general conclusion was that an organism’s tolerance to 
physical disturbance is influenced by its level of mobility, while toler-
ance to the deoxygenation associated with organic enrichment is 

Fig. 7. An illustrated species component space. Species marked by numbers (see Appendix) and the depicted ones are circled in black. Only three of the 
disturbance traces of Fig. 6 are shown (0×, 4×, 8×) for easier interpretation. 
Bold black numbered species are those discussed in Widdicombe & Austin (2001). 
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influenced by an organism’s body surface to volume ratio. Their main 
conclusions are repeated here to provide a biological explanation of the 
species’ location in the plot. Moreover, the locations of the less abundant 
species with respect to the more abundant ones can assist in explaining 
the influence of the factors on their abundance. 

Biological explanations for sensitivities to disturbance and 
enrichment  

➢ Tube building species such as Pseudopolydora pauchibranchiata (nr. 
36 - n = 492) and Anobothrus gracilis (nr. 56 - n = 140) were shown to 
be extremely sensitive to increases in physical disturbance. This 
sensitivity is assumed to be a result of either damage to individuals or 
the failure of the organism to regain/maintain its position within the 
sediment during or after disturbance.  

➢ Large mobile species, such as Goniada maculata (nr. 14 - n = 363) and 
Scoletoma fragilis (nr. 26 - n = − 130) showed no such intolerance to 
physical disturbance. However, their abundance was significantly 
reduced in areas receiving the highest levels of organic enrichment. 
It is likely that low levels of oxygen, characteristic of extremely 
enriched environments, prevented them from persisting in these 
areas due to relatively small body surface to volume ratios. The other 
species of Scoletoma, Scoletomaumberineris tetraura (nr. 27 - n = 131) 
was generally smaller and this size difference might explain why its 
abundance was not significantly reduced in increased organic 
enrichment.  

➢ Species of limited mobility and without branchial structures among the 
species, such as Nermertea indet. (6–291), Pholoe minuta (nr. 11 - n =
159), and Cossura longocirrata (nr. 42 - n = 966), were both affected 
by disturbance and enrichment.  

➢ Species with branchial filaments, such as Chaetozone setosa (nr. 40 - n =
3121) and Diplocirrus glaucus (nr. 43 - n = 265) were also affected by 
both factors, but also showed an interaction which was characterised 
by higher abundances than expected on the basis of the main effects 
model, especially for the higher levels of the factors. Possibly the 
branchial filaments allowed them to get more oxygen even in very 
enriched circumstances if combined with the increase of oxygen due 
to the higher levels of disturbance. 

The analyses in this paper supplied further insight about the effects 
observed by Widdicombe and Austen (2001) by examining in more 
detail the relationships between the three ways. It was shown how to 

combine the effect of both factors on the abundance of the species in a 
single framework. It would require further investigations beyond the 
scope of this paper to go into the biological details of each species. 
Especially the location in the interactive biplot of less abundant species 
with respect to the more abundant species could be used to explain their 
sensitivity with respect to disturbance and enrichment and their 
interaction. 
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Appendix A. Oslofjørd species  

Id Species Abundance Family Ecological explanation 

04 Golfingia indet 47 Golfingiidae  
06 Nemertea indet. 291 n/a limited mobility without branchial structure 
07 Priapulus caudatus 70 Priapulidae close to 3, 13, 35, 72 
09 Phascolion strombus 16 Golfingiidae close to 54, 56 
11 Pholoe minuta 159 Sigalionidae limited mobility without branchial structure 
12 Eteone flava 88 Phyllodocidae  
13 Glycera lapidum 53 Glyceridae close to 7, 14, 35, 72 
14 Goniada maculata 362 Goniadidae large mobile; close to 7, 13, 35, 72 
18 cf. Syllis cornuta 166 Syllidae ; close to 75 
20 cf. Syllis sp. B 61 Syllidae  
24 Nephtys ciliata 26 Nephthydidae caea; close to 26, 60 
26 Scoletoma fragilis 130 Lumbrineridae large mobile; close 24, 60 
27 Scoletoma tetraura 131 Lumbrineridae smaller mobile 
28 Parougia caeca 147 Dorvilleidae  
30 Scoloplos armiger 14 Orbiniidae  
32 Paraonis fulgens 1407 Paraonidae  
33 Prionospio cirrifera 20 Spionidae  
34 Prionospio fallax 76 Spionidae  
35 Prionospio steenstrupi 43 Spionidae close to 7, 13, 14, 72 
36 Pseudopolydora paucibranchiata 492 Spionidae tube building 
40 Chaetozone setosa 3121 Cirratulidae branchid filaments 

(continued on next page) 
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(continued ) 

Id Species Abundance Family Ecological explanation 

41 Tharyx sp. 67 Cirratulidae  
42 Cossura longocirrata 966 Cossuridae limited mobility, no branchial structure 
43 Diplocirrus glaucus 265 Flabelligeridae branchila filaments 
45 Capitella sp. 33 Capitellidae  
47 Heteromastus filiformis 22,608 Capitellidae  
49 Maldane sarsi 16 Maldanidae  
50 Ophelina modesta 26 Ophellidae  
51 Polyphysia crassa 10 Scalibregmatidae  
52 Galathowenia oculata 15 Oweniidae  
54 Melinna cristata 19 Melinnidae close to 9, 56 
55 Ampharete baltica 67 Ampharetidae close to 29,71 
56 Anobothrus gracilis 140 Ampharetidae tube building; close to 9,54 
60 Polycirrus medusa 34 Terebellidae (hair?); close to 24, 26 
62 Tubificoides indet. 87 Naididae  
71 Ennucula tenuis 1105 Nuculidae bivalve; close to 29, 55 
72 Thyasira flexuosa 59 Thyasiridae/ close to 7,13, 14, 35 
75 Abra nitida 20 Semelidae close to 18 
78 Nudibranch indet A. 10 n/a  

Note: All species in green occur >88 times in the experiment (Widdicombe and Austen, 2001); those in yellow 10 or more times. Not included are species with <10 
occurrences; all class/order are polychaeta, except those indicated by a second name. 
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